Abstract. We use a first-order energy quantity to prove a strengthened statement of uniqueness for the Ricci flow. One consequence of this statement is that if a complete solution on a noncompact manifold has uniformly bounded Ricci curvature, then its sectional curvature will remain bounded for a short time if it is bounded initially. In other words, the Weyl curvature tensor of a complete solution to the Ricci flow cannot become unbounded instantaneously if the Ricci curvature remains bounded.
Introduction
Let M be a smooth manifold of dimension n and let Met(M, K) denote the set of Riemannian metrics g on M for which (M, g) is complete and sup | Rm(g)| g ≤ K.
The standard statements of existence and uniqueness for the Ricci flow (1) ∂ ∂t g = −2 Rc(g), which are a combination of results of Hamilton [H1] , DeTurck [DeT] , Shi [Sh] , and Chen-Zhu [CZ] , pertain to initial metrics and solutions within these classes. They assert that, for any g 0 ∈ Met(M, K 0 ), there are positive constants K and T , depending only on n and K 0 , and a solution g(t) to the Ricci flow on M × [0, T ] such that g(0) = g 0 and g(t) ∈ Met(M, K) for each t ∈ [0, T ]. Moreover, any other solutiong(t) satisfyingg(0) = g 0 andg(t) ∈ Met(M,K) for someK on for t ∈ [0, T ] must agree identically with g(t) on [0, T ]. At present, there are essentially no stronger guarantees of short-time existence and uniqueness for (1) which do not require additional geometric or dimensional restrictions. One might reasonably hope for a more flexible theory of well-posedness, in which one could run the Ricci flow beginning at metrics that are incomplete, of unbounded curvature, or are otherwise singular in some respect, and be assured that the solution would retain any isometries or other special features of the initial metric. Such a theory would find many geometric applications, and, to this end, extensions to the standard statements of short-time existence and uniqueness have already been explored in a variety of special cases.
Notably, in dimension two, a program of GT2, T1] , culminating in the paper [T2] , has extended the classical results of Hamilton [H2] , Chow [Cw] , and Shi [Sh] into an essentially complete theory of well-posedness for the Ricci flow on Riemann surfaces. A consequence of their work is that any initial surface (including those that are incomplete and without curvature bound) may be flowed in a unique way by a smooth, instantaneously complete, solution to (1) on a maximal time interval of explicitly computable length.
It is unclear how much of Giesen-Topping's theory one can hope to extend to higher dimensions. When n = 2, the Ricci flow is a conformal flow, whose study can be reduced to that of a single scalar PDE, whereas, for n ≥ 3, it is a full system of quasilinear equations. Furthermore, in every dimension greater than two, there are complete Riemannian manifolds which are heuristically expected not to admit any short-time solution to (1); one can imagine, e.g., a noncompact Riemannian manifold with an infinite sequence of round cylindrical necks of arbitrarily small caliber (see, e.g., pp. 1-2 of [CW] or p. 11 of [T3] ).
There are nevertheless a number of existence results for categories of initial metrics not covered by the classical theory. For example, Cabezas-Rivas and Wilking [CW] , building on work of Simon [Si2, Si3] , have constructed smooth solutions to the Ricci flow beginning from arbitrary complete metrics of nonnegative complex (possibly unbounded) sectional curvature. In related work, Chau, Li, and Tam [CLT1, CLT2] , and Yang and Zheng [YZ] have constructed solutions to the Kähler-Ricci flow beginning at metrics of potentially unbounded curvature. Other recent work includes that of Koch and Lamm [KoL] (see also [SSS] and [Si1] ), who have proven the existence of solutions to the Ricci flow starting at initial data of lowregularity that are perturbations of the Euclidean metric on R n , Schulze-Simon [SS] and Deruelle [D1] (see also [FIK] ), who have constructed smooth expanding selfsimilar solutions emerging from conical initial data, and Xu [Xu] , who has proven the short-time existence of solutions under some integral bounds on the curvature.
Comparatively less seems to be known about the uniqueness of such nonclassical solutions in higher dimensions. To our knowledge, in fact, it is an open question, except in some special cases, whether (or to what degree) any of the constructions referenced in the previous paragraph are unique. There are simple counterexamples which demonstrate that some restriction on the completeness of a solution is necessary to ensure its uniqueness, but it is unclear what (if any) additional restrictions are actually required. There are a few recent results in this direction, however. For example, the local estimates obtained by Chen in [C] imply that any two smooth complete solutions on a three-dimensional manifold which coincide initially at a complete metric of bounded, nonnegative sectional curvature must agree identically (see also [CXZ] ). Sheng and Wang [SW] have studied complete solutions to the Ricci flow satisfying a lower bound on the complex sectional curvature and have proven uniqueness within this class under some additional assumptions on the initial metric. Also, Huang and Tam [HT] have recently obtained results concerning the preservation of the Kähler structure for solutions beginning at Kähler metrics of potentially unbounded curvature, and Chodosh [Ch] , Chodosh-Fong [CF] , and Deruelle [D2] have obtained uniqueness results for various classes of asymptotically conical expanding self-similar solutions.
1.1. Methods of proof. The uniqueness of complete solutions to the Ricci flow of uniformly bounded curvature was proven separately for compact and noncompact M . The statement for compact M was first obtained by Hamilton [H1] as a byproduct of the inverse function theorem-based argument he employed to prove the short-time existence of solutions. Later, in [H3] , Hamilton gave a simpler proof exploiting a connection between DeTurck's trick and the harmonic map heat flow. The first proof for noncompact M was given much later by Chen and Zhu [CZ] . Their argument is also based on Hamilton's variation on DeTurck's trick, but its implementation in the noncompact setting requires them to overcome a number of novel technical obstacles.
In [K1] , we gave an alternative proof of the uniqueness which circumvents the gauge-related degeneracy of (1) without an appeal to DeTurck's trick. There, the problem is instead first reframed as one for an prolonged system composed of the difference of the solutions, their connections, and their curvature tensors. This leads to a closed system of differential inequalities to which a direct L 2 -energy argument modeled on that for linear parabolic equations can be applied. In a nutshell, the argument is this: given two smooth complete solutions g(t) andg(t) of bounded curvature on M ×[0, T ] with g(0) =g(0) one can select a weight function Φ = Φ(x, t) such that the quantity
is well-defined and differentiable on (0, T ]. A straightforward calculation then shows that d dt E(t) ≤ CE(t) for some C and Gronwall's inequality implies that E(t) ≡ 0. With some adjustments, the argument can be extended to solutions with some mild growth of curvature in space and some blow-up in time as t ց 0. This approach has also found some subsequent application to the uniqueness of other geometric PDE whose degeneracy arises, as in the case of the Ricci flow, from the diffeomorphism invariance of the equation (see, e.g., [BHV] , [Be] , [Hi] , [K2] , [LW] ).
1.2.
A first-order energy quantity. One limitation of the approach in [K1] is that the energy quantity E(t) in (2) involves the curvature tensors of the solutions, and factors of both | Rm(g)| and | Rm(g)| crop up in the various error terms in the differential inequality satisfied by E(t). In this paper, we instead apply the strategy in [K1] to a alternative system encoding a first-order prolongation of the difference of metrics. In place of (2), for each r > 0, we consider a localized energy quantity of the form
is the Bianchi one-form (see Section 2 below), σ and a are positive constants, Φ is a rapidly decaying weight function as above, and θ r is family of cutoff functions whose supports exhaust M as r → ∞. For an appropriate class of solutions, a calculation similar to that in Section 4 of [K1] implies a uniform bound in t of the form E r (t) ≤ ǫ(r) where lim r→∞ ǫ(r) = 0. The novel feature of E r (t) is that its evolution equation involves the full curvature tensor of only one of the solutions. Moreover, the coefficients in the error terms that arise depend at most linearly on (any contractions of) the derivatives of curvatures of either of the solutions. In addition to simplifying the proof of the standard uniqueness theorem for the Ricci flow, these features make possible the following further generalization. Theorem 1. Suppose that g(t) andg(t) are smooth, complete solutions to the Ricci flow on M × [0, T ] satisfying (4) sup
The rate of potential blow-up in t permitted here is an improvement over that in Corollary 3 in [K1] , in which the curvature tensors of both solutions were assumed to satisfy bounds of the form K/t 1−σ for σ ∈ (1/2, 1). (We do not treat the case here, however, as in Corollary 4 of that reference, in which the curvature tensors of the solutions are permitted to have quadratic growth on each time-slice.) Note that, by the argument of [H1] (see, e.g., Lemma 6.49 of [CK] ), our assumptions on the speeds of g(t) andg(t) imply that these metrics remain uniformly equivalent for all t ∈ [0, T ]. It would be very interesting to know what can be said about solutions whose curvature tensors satisfy a uniform bound of the form K/t.
Together with the short-time existence theorem of Shi [Sh] , Theorem 1 implies that if the Weyl tensor of any complete solution to the Ricci flow is bounded initially, it cannot immediately become unbounded if the Ricci tensor remains bounded.
Corollary 2. Suppose that g(t) is a solution to the Ricci flow on
Proof. According to Shi's existence theorem [Sh] , there exist positive numbersK = K(n, K 0 ) andT =T (n, K 0 ) and a solutiong(t) to (1) on [0,T ] for whichg(0) = g (0) andg(t) ∈ Met(M,K) for each t. As observed above, since σ > 0, the uniform bound on t 1−σ | Rc(g(t))| g(t) implies that each g(t) is uniformly equivalent to g(0), and is therefore also complete. We may then apply Theorem 1 to conclude that g(t) =g(t) on M × [0, min{T,T }], and hence that g(t) ∈ Met(M,K) at least for 0 ≤ t ≤ T ′ = min{T,T }.
Note that the above corollary concerns only the behavior of the solution near t = 0. In particular, we do not assert here that, if
must also be finite for arbitrary T > 0. When M is compact, this is a result ofŠešum [Se] ; the assumption on the Ricci curvature has since been weakened by a number of authors. When M is noncompact, this statement is Theorem 1.4 in the paper [MC] of Ma and Cheng. The proof provided there (which is based on a blow-up argument), however, makes use of an implicit assumption that the curvature tensor remains bounded for a short time [Cg] .
Finally, we note that Cabezas-Rivas and Wilking [CW] and Giesen and Topping [GT2, GT3] have constructed examples which demonstrate that, when M is noncompact, the maximal time of existence of a smooth complete solution g(t) on M may strictly exceed the smallest T > 0 such that sup M×[0,T ) | Rm(g(t))| = ∞.
Preliminaries
Let g andg be Riemannian metrics on M , and ∇ and ∇ their Levi-Civita connections. Define h g −g and let A ∈ C ∞ (T 1 2 (M )) be the smooth (2, 1)-tensor field satisfying ∇ = ∇ + A. In local coordinates,
Let S 2 (T * M ) denote the bundle of smooth symmetric (2, 0)-tensors on M , and let
denote, respectively, the divergence operator associated tog and its formal L 2 (dµg)-adjoint. Explicitly,
Remark 3. Here and elsewhere, g ij andg ij denote the components of the metrics induced by g andg on T * M , i.e., the components of the matrices satisfying g ik g kj = g ikg kj = δ i j . Since we will be considering the metrics g andg simultaneously, we will always raise and lower the indices of the components of other tensors explicitly to avoid confusion. We will use the notation Rm and Rm for the (3, 1)-curvature tensors of g andg, and write Rc and Rc for their Ricci tensors.
For a metricĝ, a connection D, and a smooth section V ∈ C ∞ (S 2 (T * M )), we define (following Hamilton and DeTurck) the expression
Bian(g, ∇, g) = Bian(g,∇,g) = Bian(g, ∇, Rc) = Bian(g,∇, Rc) = 0, the latter two identities being simply the contracted second Bianchi identities. In the calculations below, we will single out the specific choice
which we will call the Bianchi one-form of g andg. As Bian(g,∇, g) = Bian(g,∇, h), we may also regard B as the application of a first-order operator to h. We now use these operators to put the difference of the Ricci tensors of the metrics g andg into a convenient form. Here and below, for given tensor fields V and W , the notation V * W will represent some weighted sum of contractions of V ⊗W with respect to the metricg with coefficients bounded by universal constants. The following computation is standard.
Lemma 4. The difference of the Ricci tensors of g andg satisfies
Proof. Begin with the identity
Using the identity (5) and that∇
Here,R p ljk =g pqR ljkq . On the other hand,
Combining these three identities proves equation (6).
Evolution equations
We will now assume that g = g(t) andg =g(t) are two solutions to the Ricci flow on M × [0, T ], and continue to use the notation h = g −g, A = ∇ −∇, and B = Bian(g,∇, g). The viability of our choice of energy quantity relies on the following simple computation which shows that the time derivative of B does not depend on the full difference ∇ Rc −∇ Rc of the covariant derivatives of the Ricci tensors of the solutions.
Lemma 5. The Bianchi one-form B = Bian(g,∇, g) evolves by the equation
Proof. To begin with, we compute that
Since Bian(g, ∇, Rc) = 0, we can rewrite the second term using
For the last term, we use the standard formula
from which, using Bian(g,∇, Rc) = 0 and g ml −g ml = −g mcgld h cd , we find that
Combining the above three identities proves (7).
From (6) and (7), we obtain the following expressions for the evolutions of the norms of h and B relative to the metricg. 
In the above equations, the curvature of g only appears explicitly through the factors of | Rc | in the evolution equation for |B| 2 . As we mentioned above, this is one advantage of the present method over that in [K1] .
The energy argument
We now set about to prove Theorem 1. First we modify a lemma from [K1] which follows a construction of [KaL] (see also Theorem 12.22 of [CRF] ).
Lemma 7. Suppose thatḡ is a complete metric on M andg(t) is a smooth family of complete metrics on M × [0, T ] satisfyingḡ ≤ γg(t) for some fixed γ > 0. Definē
Proof. According to Proposition 2.1 of [GW] , we can find ρ ∈ C ∞ (M ) satisfying thatr(x) ≤ ρ(x) ≤r(x) + 1 and |∇ρ|ḡ ≤ 2. Then, as in Lemma 5 of [K1] , if one successively chooses 0 < β ≤ 1/(4L 1 γ) and T ′ = β/(8L 2 ), the function η τ (x, t) = βρ 2 (x)/(4(2τ − t)) will satisfy the desired conditions for any 0 < τ ≤ min{T, T ′ }.
Next we update inequalities (8) and (9) to reflect the assumptions of Theorem 1. In the rest of this section, we will write T * = max{T, 1}, and use the unadorned notation ·, · = ·, · g(t) and | · | = | · |g (t) to represent the inner products and norms induced byg(t) on the various tensor bundles T k l (M ).
Lemma 8. Under the assumptions of Theorem 1, there exists a positive constant N 0 , depending only on σ, n, K, and T * , such that ∂ ∂t
Proof. We will use N to denote a sequence of positive constants depending on σ, n, K, and T * . We note first that, from the curvature bounds (4), it follows (see, e.g., Lemma 6.49 of [CK] ) that the families of metrics g(t) andg(t) are mutually uniformly equivalent, and in fact,
for any s, t ∈ [0, T ]. In particular, we have uniform bounds of the form
(The point of the first bound is that the terms on the left involve the norm | · | = | · |g rather than | · | g ; the second bound can be deduced from a simple pointwise estimate as in, e.g., Lemma 6 of [K1] .) Also, by Shi's estimates [Sh] (see Corollary 9 in [K1] ), the assumptions ong imply a bound of the form
Combined with these observations, inequalities (8) and (9) 
on M × (0, T ]. Estimating the last two terms in (13) by
we obtain (10) and (11).
4.1. Proof of Theorem 1. Now we prove the main result of this paper. At this point, the argument is essentially a special case of that of Theorem 13 in [K1] , but, since the statement of that theorem does not exactly match our situation, and, in any case, our argument is short, we will give the details here. We discuss the relationship of the argument here to the formulation in [K1] somewhat further in Section 4.2 below.
Proof of Theorem 1. We will give the proof for noncompact M ; the argument for compact M follows the same lines but is much simpler since we have uniform bounds for the curvature tensors of both solutions (and their covariant derivatives) and can work instead with a global energy quantity. To reduce clutter, we will use C to denote a sequence of positive constants depending only on n and, as before, use N to denote a sequence of positive constants depending on σ, n, K, and T * . We will need a cut-off function. Fix x 0 ∈ M and definer(x) dḡ(x 0 , x) wherē g =g(T ). Again using [GW] , we can find ρ ∈ C ∞ (M ) satisfyingr(x) ≤ ρ(x) ≤ r(x) + 1 and |∇ρ|ḡ ≤ 2. Let φ ∈ C ∞ c (R, [0, 1]) be a monotonically decreasing function which is identically one on (−∞, 2], is supported in (−∞, 3), and satisfies (φ ′ ) 2 ≤ 10φ. For r > 0, the function θ r (x) φ(ρ(x)/r) will then belong to C ∞ c (Bḡ(x 0 , 3r)), and satisfy θ r ≡ 1 on Bḡ(x 0 , r) and |∇θ r | 2 g ≤ 40r −2 θ r on all of M . For the time-being, we fix some 0 < τ ≤ T and let η : M × [0, τ ] → R denote an arbitrary smooth positive function that is increasing in t. We will later use Lemma 7 to specify η = η τ with τ = min{T, T ′ } for some sufficiently small T ′ > 0 depending on σ, n, and K, and T * . For each r > 0 and t ∈ [0, τ ] we define
and
(When M is compact, we can take θ r ≡ 1 and η ≡ 0.) The bulk of the argument consists of deriving an appropriate differential inequality for a weighted combination of B r (t) and H r (t).
We start by considering the derivative of t −σ B r (t). Fix r > 0 and note that, by (11) and our assumptions that t 1−σ |R| ≤ N and
Next we consider the derivative of t −(1+σ) H r (t). The uniform equivalence of g(t) andg(t) implies that we have a lower bound of the form
, so, integrating by parts and using that |B| ≤ C|g −1 ||∇h| and |δgh| ≤ C|∇h|, we obtain the inequality
for some constant C 1 = C 1 (n). Here (B ♯ ) i =g ij B j . We now estimate the two integrals on the right. We have
and using again that |g −1 | ≤ N , also that
Further, on the set
we have
so the above inequality becomes
Starting from (10), then, we compute that
which, with (15), implies that
for some
We will henceforth define τ min{T ′ , T } and η η τ . With this choice, the penultimate integral in (16) is nonpositive and η(x, t) ≥ r 2 on U r ×[0, τ ]. For the last integral in (16), note that, since the Ricci curvatures ofḡ =g(T ) have a lower bound of the form −CKT σ−1 = N T −1 , the Bishop-Gromov inequality and the uniform equivalence of the metricsg(t) andḡ imply an estimate of the form (17) volg (t) (Bḡ(x 0 , r)) ≤ N volḡ(Bḡ(x 0 , r)) ≤ N eV r for all r for someV =V (σ, n, K, T ). Also, by our choice of θ r and the uniform equivalence ofg(t) andḡ,
Using that U r ⊂ Bḡ(x 0 , 3r), and that (as observed in Lemma 8) we have |h| 2 ≤ N t 2σ on M × [0, T ], we then obtain the estimate
Incorporating these observations into (16) and recalling (14), we arrive at the system of inequalities
valid for all t ≤ τ and r ≥ 1, for some fixed
Choosing a = a(σ, n, K, T * ) such that aσ/4 > N 2 , we at last obtain that, for all r ≥ 1, the quantity
on (0, τ ] for some N 3 = N 3 (σ, n, K, T * ). From this we see that if we choose T ′′ = min{N
, τ }, the coefficients of the first three terms in (18) will be nonpositive for all t ∈ (0, T ′′ ]. That is, we have 
where, as in the proof in the previous section, a > 0 is some parameter we may choose to be arbitrarily large. From (10) and (11), it is not hard to see that, under the hypotheses of Theorem 1, X, Y , and U satisfy a system of the form
|U | ≤ N t σ |∇X| + N at 1/2 |Y |, for some N = N (σ, n, K, T * ). Here (divg U ) ij ∇ k U k ij . The structure of the above system does not quite match the hypotheses of Theorem 13 of [K1] as it is stated, but the proof given there can still be made to apply with some minor adaptations; this is essentially the proof given in the previous section.
Note that the "parabolic" component X of the above system is of order zero in the difference of the metrics while the "ordinary-differential" component Y is of order one. This is the reverse of the situation in [K1] and [K2] , where the parabolic components are higher-order, constructed out of the differences of the curvature tensors and their derivatives, and the ordinary-differential components are lowerorder, constructed out of the differences of the metrics and their connections.
